In this article we perform a thorough analysis of breathers in a one-dimensional model for a layered silicate for which there exists fossil and experimental evidence of moving excitations along the close-packed lines of the K + layers. Some of these excitations are likely breathers with a small energy of about 0.2 eV as the numerically obtained breathers described in the present model. Moving breathers as exact solutions of the dynamical equations are obtained at the price of being generically associated with a plane wave, a wing, with finite amplitude, although this amplitude can be very small. We call them pterobreathers. For some frequencies the wings disappear and the solutions become exact moving breathers with no wings, showing the phenomenon of supertransmission of energy. We perform a theoretical analysis of pterobreathers in systems with substrate potential and show that they are characterized by a single frequency in the moving frame plus the frequency of the wings. We have also studied high-energy stationary breathers which transform into single and double kinks and stable multibreathers with very strong localization.
I. INTRODUCTION
Layered silicate muscovite mica long has been shown to have interesting properties. It was the second material for which nuclear tracks from fission fragments were detected [1] and also the first one for which fossil nuclear tracks were observed [2] [3] [4] . About the same time it was demonstrated that some dark tracks record the passage of swift particles as positrons, antimuons, and protons [5] [6] [7] . The tracks were produced by the precipitation of excess iron forming the mineral magnetite and growing by accretion in a similar way to a bubble chamber during some sensitive period with some specific conditions of pressure and temperature [7] [8] [9] . Swift particles could be produced by cosmic rays, neutrino interaction, and radioactive decay.
However, most of the dark tracks that appear in natural muscovite lacked the characteristic kinkiness of Coulomb scattering and were along the lattice directions in the cation plane sandwiched between tetrahedra-octahedra-tetrahedra silicate structures above and below. Therefore, they were proposed to be recording the passage of some lattice excitations that were named quodons [10, 11] . A likely origin of some of the quodons is the recoil from beta decay of 40 K, the most abundant unstable isotope in potassium. Some of the recoils have the same momentum of the positrons emitted and recorded.
The propagation of localized energy along the lattice lines of the cation layer were demonstrated experimentally by * archilla@us.es bombarding a sample with alpha particles and observing the ejection of an atom at the other side [12] .
The different beta decays of 40 K [13, 14] have different recoil energies between 0 and 50 eV and usually leave a change in the electric charge of the recoiling atom [15, 16] . It was observed that only positive particles produced dark tracks [17, 18] . For example, electrons from beta minus (β − ) decay of 40 K, the dominant decay channel with 89% probability compared with 0.001% for beta plus (β + ), were not recorded. However, the recoils of β − decay have a positive charge and could trigger a localized excitation that can be recorded. The fact that the magnitude of dark decoration was similar for lattice excitations and for swift particles at nearly sonic speed, when they were about to stop, supported the conclusion that many of the lattice excitations also carry an electric charge [16, 18] .
A new experiment demonstrated charge transport stimulated by nonlinear excitations produced by alpha bombardment in the absence of an electric field [19] . This phenomenon was dubbed hyperconductivity. Lately, charge transport in absence but also in presence of electric field has been observed in several different silicates [20] .
While in previous publications, kinks and nanopterons have been studied in a model with realistic parameters [15, [21] [22] [23] [24] , there was not a systematic study of moving breathers in this model. Moving breathers are localized vibrational modes in nonlinear lattices [25] . Differently from kinks and nanopterons, moving breathers do not imply a permanent displacement and therefore mass transfer, which make them less energetic. They can also be seen as envelope solitons if their amplitude tends to zero at ±∞ [26] . Recently they have been shown to assist in energy transfer [27] .
The existence of moving breathers in the model is of interest because in some mica crystals it can be seen that secondary nonlinear excitations are scattered from a primary one [28] , and, therefore, they should have much smaller energies than energetic kinks. Some of them are shown to lose the electric charge but continue propagating and later recover the charge. These neutral energy carriers with low energy could be breathers. It has also been shown that the decay of 40 K can lead to different types of perturbations, from kinks to breathers depending on the energies involved [16] .
Moving breathers in models inspired by the tracks in muscovite have been found in one dimension [29] using a sinusoidal on-site potential and Morse interaction and in two dimensions [30] [31] [32] also using sinusoidal on-site potential and either piecewise or Lennard-Jones interaction potential. The lifetime of the moving breathers was large but no physical magnitudes as the energy were provided, making it difficult to relate with the experiments.
The differences with our present work are several. First, we use both an on-site potential and interaction potential obtained from the properties of the ions involved and the crystal structure and therefore being particularly appropriate and also providing values as energies, frequencies, or velocities in physical units. Second, instead of constructing approximate solutions, we construct exact solutions at the price of having wings, i.e., extended plane waves that do not decay in space or time. Exact solutions allow for continuation in the space of parameters and obtain many different ones. The existence of the wings implies that the solutions are not completely localized. However, the wings are often very small and even disappear for specific frequencies, providing a supertransmission channel [33] .
We can also check the stability of the exact solutions through a variant of the Floquet analysis. Third, motivated by our results, we have developed a precise description of exact moving breathers, showing that they are described by a single frequency in the moving frame plus a related one for the wings. Both are integer multiples of some fundamental frequency.
Other interesting aspects of muscovite are its proposed use to detect dark matter [34, 35] , reconstructive transformations triggered by breathers [36] [37] [38] , its supposed role in the origin of life [39, 40] , and the genetic code [41] . It has also been shown that thin layers behave as semiconductors and semimetals with many potential technological applications through bandgap engineering [42] .
The article is organized in the following way: Sec. II describes the model with detail and the previous results. In Sec. III we review some breathers concepts, while in Sec. IV we specify some terminology and deduce approximate equations for the wings and tails in the model and compare with the numerical results. Sections V and VI describe stationary breathers and their energies and the observation of approximate small-amplitude moving breathers. In Sec. VII exact moving breathers are described mathematically for a given symmetry, and in Sec. VIII the plane waves with the same symmetry are considered, providing a extremely simple description of exact moving breathers in the moving frame. Section IX describes how the stability is calculated and provides some example of stable moving breathers. In Sec. X some examples of moving breathers with wings are described, and in Sec. XI some moving breathers without wings are presented. Some interesting phenomena related with highenergy stationary breathers are commented on in Sec. XII. The article finishes with the conclusions
II. MODEL AND PREVIOUS RESULTS
The model we use has been proposed in Refs. [15, 23] . It consists of a one-dimensional model for the rows of K + ions within the cation layers of muscovite mica.
The interaction potential is the sum of the electrostatic repulsion k e e 2 /r plus a repulsive short-range potential obtained from the well-known ZBL potentials [43] . They are a sum of Yukawa-type potentials
2 e 2 exp(−r/ρ i )/r, with constants γ i and ρ i that are obtained from an universal function that depends only on the atomic number of the atoms involved. It represents the electrostatic repulsion between the K nuclei screened by the electrons in the atom or ion. ZBL potentials are used in ion bombardment modeling, and the four terms are necessary for different ranges of energies. For energies up to 100 keV one term is enough, and thus only one term of the ZBL potential is kept.
The substrate potential was obtained as a sum of electrostatic interactions and empirical potentials used for silicates [44] considering the ions in several layers of the crystal at the equilibrium positions but excluding the K + , in the same row which are taken into account directly. The resulting substrate potential is a periodic potential which is well approximated by a Fourier series with four terms, and it is represented in Fig. 1 . A peculiarity of it is that it is hard for small oscillations, i.e., the frequency increases with the amplitude, and soft for larger oscillations of 0.3 times the lattice unit. The substrate potential reproduces the experimental infrared frequency of 110 cm −1 for longitudinal vibrations in the potassium rows [45] and the 20 eV height of the energy wells obtained by molecular dynamics [46] .
We will use scaled units, which are, for distance, the equilibrium distance between ions u L = a = 5.19 Å; for energy, the energy of interaction between ions at equilibrium, u E = k e e 2 /a 2.77 eV, where k e is the Coulomb constant and e the elemental unit of charge; and for mass, the mass of a potassium atom u M = m K = 39.1 amu. Time becomes a derived unit with value 
The substrate potential is given by
with {v m } = [2.4474, −3.3490, 1.0997, −0.2302, 0.0321]. The interaction potential is given by
with B = 184.1-510.79 eV and ρ = 0.0569-0.29 Å. Therefore the dynamical equations becomë
The derivative of the substrate potential is given by
and the interaction forces become
and
A. Nanopterons, supersonic kinks, or crowdions A supersonic crowdion or kink was described in Ref. [23] with an energy of 27 eV, which was coherent with the energy available in muscovite, a maximum of 42 eV for the recoil from the β − decay of 40 K the main beta decay, which is thought the source of fossil tracks [13, 15] and larger than the 7-8 eV of energy to eject an atom, as shown experimentally [12] . Many different kinks or crowdions linked to a plane wave were found in Ref. [24] , and many of them were stable. They are usually called nanopterons, but we think they are better named pterokinks as explained below. Also other unstable kinks without wings were found and stable double kinks or bicrowdions, some without wings. The latter are with energies still within the recoil energy available in some beta decays [13, 15, 16] .
B. Small-amplitude moving breathers
Also, it has been found stationary breathers with a broad range of energies and moving breathers with small energies 0.2-0.3 eV that were produced by compressing a bond, observing the results, and refining the results [24] . The small energies of the moving breathers were coherent with the expected energies of secondary tracks in muscovite [16, 28] .
III. CONCEPTS ABOUT STATIONARY AND MOVING BREATHERS
In this section we review some concepts of stationary and moving breathers that will be used later. Stationary discrete breathers, or just breathers for short, are periodic localized solutions of a discrete dynamical system with some kind of nonlinearity. They arise in a variety of systems of different dimensions, Hamiltonian, and dissipative. Here we will refer mainly to Klein-Gordon Hamiltonian systems, because it is the system of interest in this article. We will also restrict the notation to one dimension, although the generalization to several dimension is straightforward. The dynamical equations corresponding to a Klein-Gordon Hamiltonian system similar to Eq. (1) in scaled form is given by
where u = {u n (t )}, and u n are the variables measured with respect to their equilibrium positions. V (u n ) is the substrate potential, with a minimum at u n = 0, i.e., ω
n > 0, ω 0 being the oscillation frequency of the isolated oscillators in the limit of small amplitude. The coupling potential is represented by W (u) = n U (u n+1 − u n ) and ε is a parameter to modulate the strength of the coupling. Any solution can be characterized by the initial variables and momenta or by the Fourier coefficients up to some order if it is a periodic solution.
At ε = 0, the system is said to be at the anticontinuous limit [47] and consists of isolated oscillators with the same dynamical equation:ü
This equation has a periodic solution u 0 n of frequency ω b that depends on the amplitude of oscillation A, i.e., ω b = ω b (A). If ω b > ω 0 the potential V is called hard and soft otherwise. Equation (9) also has two other solutions: one is the trivial solution u n = 0 with frequency ω b , and the other is the solution with very small amplitude and frequency ω 0 . Therefore, there exists at ε = 0 a periodic solution u(0) completely localized in one single site with a single oscillator with frequency ω b and amplitude A(ω b ) and the rest of them with zero amplitude but the same frequency.
The solution u(0) can be continued to u(ε) for ε > 0 provided that there is no other branch of solutions in the vicinity of u(0), which is obtaining by restricting the space of solutions, for example, to time-invariant solutions. There are two conditions for the implicit function theorem to be applied, (a) that neither ω b nor its harmonics nω b are inside the phonon band (which is just ω 0 at ε = 0) and (b) that ∂ω b /∂A = 0, i.e., that the system is truly nonlinear at that frequency [47, 48] . The amplitudes of the solution u(ε) decay exponentially around the initial excited site for short-range coupling. Equally, it is possible to prove the existence of localized multibreathers when several sites are excited at the anticontinuous limit. In practice, the solution can often be continued for some range of frequencies up to ε = 1 reobtaining the original system. Note that stationary breathers or breathers at rest have a single frequency ω b , which is related to the rest breather frequency defined in Sec. VIII E.
The operator N = ∂F/∂u is called the Newton operator, which acts on the perturbation ξ = {ξ n } of u as
The solutions of N (u, ε)ξ = 0 give the evolution of the perturbation of a solution u of F (u) = 0 given by u + ξ in the linear approximation. The eigenvalues of the equation N ξ = E ξ form bands that are used to determine breather or multibreather stability [48, 49] . The theory can be extended to nonhomogeneous on-site potentials, or with several minima, to FPU systems, that is, without on-site potential, where different proofs have to be applied [50, 51] . It can also be extended to many other models, for example, systems with long-range interaction with different geometries [52, 53] and many others.
Stationary breathers can be put into movement by some perturbation of the velocities that break the symmetry of the breather, and a simple method is the discrete gradient method, i.e., v n = λ(u n+1 − u n−1 ), for some small λ [52] . The best mobility is obtained with the pinning mode method, although it is valid only for specific values of the coupling constant or specific frequencies, for which two specific eigenvectors appear [54] . Of course, there are many other approximate methods that use different ansatzes [27, 55] .
However, breathers obtained by these procedures are not exact solutions of the dynamical equations. They have a continuous spectrum of frequencies and radiate small-amplitude waves and therefore have a finite lifetime.
The frequency ω b of the stationary breather which has been perturbed no longer characterizes the moving breather, although it is often used to parametrize moving breathers.
We will construct exact solutions called pterobreathers in Sec. VII at the price of having wings (see below), but for some specific frequencies, the wings disappear, and we will obtain exact moving breathers.
IV. PHONONS, TAILS, WINGS, AND TERMINOLOGY
In this section we will define some terms and concepts that we think are convenient with respect to the smaller amplitude waves accompanying a solitary wave sometimes called tails. We will also apply these concepts to our specific system of interest.
There are two different concepts, tails and wings. A tail is the perturbation of the particles at the borders of the core of a solitary wave, as a breather, soliton, or kink, while a wing is an extended solution that does not decay in space or time that accompanies those solitary waves. Wings are very important in this system and in most systems with a substrate potential, therefore we will clarify the concepts in this section and will be precise in the terminology.
Exact traveling solutions will be parameterized by some (rest) breather frequency ω b and parameters step r and m b . The traveling solution reproduces its profile displaced r sites after m b internal oscillations. The frequency ω b is the frequency of the stationary breather, whose perturbation becomes a traveling solution. These concepts will be defined with precision in Secs. VII and VIII.
A. Tails and wings
Tails and wings have one thing in common, which is that they have a smaller amplitude than the breather core, and therefore it is possible an approximate description supposing that the perturbations are small and the Taylor expansion to degree one, i.e., the linearized equation, or to some order is approximately valid. This reasoning is very useful to get insight into the properties of the solutions of the full system. As tails are behind the body in animals that move forward, the proper tail would hang behind a solitary wave, with diminishing amplitude. However, we will use tail also for the front tail, which can be much steeper. Very often back tails are taking energy from the solitary wave and making it smaller and slower and eventually bringing it to a stop [21, 22] .
B. Solitary waves with wings
Wings, however, are part of the solution, which does not exist without them. Thus, they allow the solitary wave to exist and to fly and are located equally at both sides, in front and behind. With periodic boundary conditions, they are the same wing. Kinks with wings are often called nanopterons, i.e., with dwarf wings, from the Greek. This term is, however, problematic for two reasons. First, the modern use of the prefix nano as 10 −9 and its subsequent use in technology suggests something extremely small with respect to the solitary wave (∼10 −9 ), which is not correct. Wings are in general smaller than the solitary-wave core but not that small. Second, it does not specify to what entity the wings are attached to. Therefore we propose the terms pterokink, pterosoliton, and pterobreather, but we will use also the synonyms winged-kinks, kinks with wings, and similar terms. More clarification will be issued with the specific system we are interested in.
C. Approximate dynamical equations
If we suppose that the perturbations are relatively small, we can expand Eq. (4) as a Taylor series. As the force due to the substrate potential is an odd function, the first nonlinear term is of order 3. The dynamical equations up to order 3 arë
with ω As can be seen in Fig. 1 the φ 4 potential is a good approximation for values of amplitudes around 0.1. The order 4 approximation of U is even better. Actually for those amplitudes the harmonic approximation of U is quite good.
D. Phonons
Keeping only the linear terms in Eq. (11) we obtain the linearized dynamical equations
which is represented in Fig. 2 . The subindex L in the frequency reminds us that this is the laboratory frequency of the phonon with wave number q. This distinction will become important.
This dispersion relation is optical, i.e., bounded from below by ω 0 at q = 0. It is also bounded from above by ω top = (ω The sound velocity c s for the system without substrate is defined as the velocity when q → 0, and it is both the maximum phase and group velocity. However, for a system with an optical dispersion relation, the sound velocity it is better defined as the maximum group velocity
Note that V g = 0 at q = 0 and q = ±π . The mode q = 0 is obviously at rest, but also the mode q = π becomes u n = (−1) n exp(−iω top t ), which actually represents an outof-phase vibration that does not travel. In both cases the group velocity is also zero. These remarks will be of interest for the description of the moving breathers because stationary breathers will be a localized nonlinear version of these two modes for soft and hard substrate potentials [27] , respectively. Stationary breathers are often also the starting point for calculation of exact moving breathers. In our system with a hard substrate potential the interesting one is only the mode q = π .
E. Wings as nonlinear plane waves
Wings are extended traveling waves that accompany the solitary wave. Far enough from the core and supposing their amplitude is relatively small, we can suppose that because they are extended, they have a single value of the wave vector, that is, they are given approximately by a function u n = A cos(qn − ω w t + φ 0 ). It is obvious that it is not possible to add a constant term due to the form of the substrate potential. The linear equations are without interest because they will just lead to phonons, so we have to keep the approximation given by Eq. (11).
If we denote φ = qn + φ 0 , then u n = A cos(φ), u n±1 = A cos(φ ± q), and using elementary trigonometric relations we can express the different terms in Eq. (11) as functions of the harmonics of u n , that is,
Substitution of the above equation in Eq. (11) and collecting together the different harmonics we can see that the proposed solution is not possible because the harmonics above the first do not cancel out. More harmonics are necessary for an exact solution. Nonetheless the coefficients of the first harmonic have to be zero, which is called the rotating wave approximation, leading to the equation
The second term on the coefficient of A 2 changes by only about 2% the value of the correction to the phonon band. Therefore the nonlinear plane waves have frequencies above the phonons with the same wave number given approximately by ω and compare it with the results of applying Eq. (15) isolating A as a function of the frequency. The wing frequency depends on ω b , but if we suppose that in the first approximation the shift ω = ω b − ω w is constant for a small interval and equal to the observed value near the values where the wings disappear, ω = 0.584, we can obtain A = A(ω b ) from Eq. (15) . Figure 3(a) shows the good agreement in spite of the different characteristics of the solitary waves involved, which appear in the irregular behavior of the solitary-waves amplitude.
F. Tails
Tails will be defined here as a part of the perturbation with amplitude small enough so as that the linear approximation holds and they are at the borders of a traveling solitary wave with larger amplitude with velocity V b .
Mathematically we can approximate them with an equation of the form
where ξ is the inverse of the decay length . We can use the complex form, because the equations we are using are linear. The equation will be valid for n > V b t or for n < V b t changing ξ to −ξ . Substitution of u n in Eq. (12) and collecting together real and imaginary parts, the following equations are obtained:
. (18) If V b = 0, either ξ = 0 and we recover a phonon, or q = 0 or ±π . For hard potentials, the breather is derived from the π mode. So we can obtain an approximation to the frequency of the breather at rest as
that is, ω We can measure the localization with the function effective number, defined for a set a numbers
. The effective number of the tail in Eq. (16) centered at n 0 = N/2 + 0.5 can be calculated, N eff ({u n }) = 2 tanh(Nξ/4)/ tanh(ξ/2), but as the tanh of a few argument units is very close to 1 and keeping only the first term on ξ/2, this expression is very similar to simply N eff (ξ ) 4/ξ . In this way, we can obtain ξ (ω b ) from Eq. (19) and construct the function N eff (ω b ).
We can compare this theoretical and approximate N eff with the one obtained with the numerical results for exact solutions. We should expect this approximation to fail when the wings are large or the solutions are not localized, as can be seen in Fig. 3(b) . The simple approximation for the tails cannot reproduce the full richness of the dynamics, but it is quite good when the solutions are localized and the wings become small. Figure 4 compares the tail approximation with an exact numerical solution. It is also useful to visualize the difference between wings and tails.
V. STATIONARY BREATHERS WITH SMALL AMPLITUDE
Stationary breathers of the Sievers-Takeno (ST) type or particle-centered breathers and of the Page type (P) or bondcentered breathers exist in the system. Both have an staggered profile and frequencies above the phonon spectrum. The ST breathers are linearly stable, and the P breathers are unstable. For the same frequency the latter have more energy at higher frequencies, although they tend to the same value E lim 0.29 eV at a lower frequency ω 1.2ω 0 close to the top of the phonon band. The energies are plotted in Fig. 5 . Therefore, it is expected that moving breathers could appear when the Peierls-Nabarro barrier [56] , that is, the difference between the energies of the two types of breathers, vanishes or is very small. 
VI. APPROXIMATE SMALL-AMPLITUDE MOVING BREATHERS
Different perturbations such as a local compression can lead to irregular stationary breathers and the ejection of one or more moving breathers of small amplitude. It is possible to obtain the coordinates and velocities of the moving breathers for a few particles and restart the simulation in an unperturbed lattice.
In this way a moving breather with good propagation properties is obtained. It is still far from an exact moving breather as it mixed with phonons and its velocities change slightly with time. The propagation of this type of breather is represented in Fig. 6 . They are also useful as a seed to obtain exact moving breathers.
By performing the two-dimensional discrete Fourier transform of the coordinates u n (t ) it is possible to represent the breather in ω-q space as can be seen in Fig. 7 . The intensity in the vicinity of several points of the phonon dispersion relation shows very clearly the presence of abundant phonons. Note that some intensity appears near the intersection of the sloped line corresponding to the breather with the linear phonon band. It corresponds to the wings. 
VII. PTEROBRETHERS: EXACT MOVING BREATHERS WITH WINGS
Exact traveling solutions can be constructed using the Newton method from a good seed [57] , such as the one obtained in Sec. VI. We propose a definition for an exact moving breather, with or without wings, as a solution u = {u n } of the dynamical system with the following three properties, which will be explained below: (1) it is an exact traveling solution, (2) it is localized, and (3) it has an internal frequency.
(1) It is an exact traveling solution, that is, it reproduces itself after a time T F but displaced an integer distance, the step r. It is a fixed point of the map:
whereL is the lattice unit translation operation andT is the time evolution map for the time T F . We will call T F the fundamental time or period of the moving breather. The time T F and integer r are the minimum values with the invariance property above. It is clear that u is also a fixed point ofŜ m , for any integer m, which is a similar map with time mT F and integer step mr.
The frequency ω F = 2π/T F will be called the fundamental frequency of the moving breather.
The velocity of translation is V b = ra/T F , for a the lattice distance. If we take a as the unit of length,
The time T V = 1/V b for the MB to travel a unit distance is therefore T V = T F /r, i.e., the fundamental period T F is an integer multiple of T V :
The concept of fundamental time or period was called propagation time in Ref. [58] and simply period in Ref. [59] for solitons. It avoids defining exact moving breathers in terms of an ill-defined breather frequency, which is a clear concept only for stationary breathers. However, the precise meaning for several breather frequencies will be established below.
(2) It is localized, that is, it is possible to write it as a function (or a sum of functions) of the form
where f (·, ω i t ) is an at least partially localized function of the first argument z = n − V b t and a 2π periodic function of the second argument i = ω i t. The frequency ω i is an internal frequency of the moving breather, that is, a frequency measured in the moving frame with velocity V b that accompanies the MB. If f (z, φ) → 0 when z → ±∞ and ω i = 0, the solution is a soliton. If it tends to 0 only in −∞ (+∞) and to some finite value at +∞ (−∞) it is a kink (antikink).
(3) It has an internal vibration, that is
The solution u will correspond to an exact moving breather or sliding breather if f → 0 when z → ±∞.
However, it is a feature observed numerically that exact moving breather solutions that tend to zero at n → ±∞ are exceptions for some specific potentials. In Ref. [60] an interaction potential was constructed that supported exact breathers both without a substrate potential and with a harmonic one. In general, the solution tends to a finite nonzero value, although frequently this is small or very small.
The same problem happens with kinks [24] , the reason for it being that the phonon spectrum in a K-G system is optical, i.e., bounded from below, and therefore, the phase velocity of phonons is not bounded from above. It is bounded from below in the first Brillouin zone but not in the extended zone.
It is easy to obtain the conditions for Eq. (23) to be invariant with respect to the map in Eq. (20):
The first arguments repeats itself because r − V b T F = 0, due to the definition of T F and as the second argument is 2π -periodic, the condition for u to be invariant underŜ is ω i T F = 2π m or ω i = m(2π/T F ):
In other words, the internal frequencies of a MB are integer multiples of the fundamental frequency ω F . The general solution will be of the form
although in practice, only very few m terms are significant, basically two, as we will see below.
In this way, Eq. (23) can be written as f = g + h, where g tends to zero at ±∞ and h corresponds to the wings, i.e., a relatively small nonlinear extended wave, or, in some cases, quasilinear. Neither g nor h is an exact solution of the nonlinear dynamical solution by themselves, but both g and h are fixed points ofŜ and therefore have the same symmetrŷ S. As stated before, we prefer the term wing for h than tail. Tails correspond to nonexact, and therefore, transient moving breather solutions which leave the debris of a tail behind it [61] .
Note that mω F are the frequencies in the moving frame and not in the laboratory frame, where the discrete Fourier transform (DFT) operates, and it is used to obtain the ω − q representation of the MB [33] .
For example, in one of the exact breathers found in the present system, the breather advances two sites (step r = 2) in the fundamental time T F = 14.1442 with a fundamental frequency ω F = 0.4442, V b = r/T F = 0.1414.
VIII. RESONANT PLANE WAVES
Plane waves are given by the equation
where A is the amplitude, q is the wave number, and ω L the laboratory frequency. They can be solution of the linearized equation Eq. (12), in which they are phonons and their dispersion relation is given by Eq. (13).
But plane waves are also a basis for the function space { f n (t )} N n=1 with periodic boundary conditions and therefore with wave numbers q l = 2π l/N for l = 0, . . . , N − 1, that is,
However, only plane waves that are also invariant under the map Eq. (20) will appear in the equation above. We call them resonant plane waves or plane waves withŜ symmetry. They satisfy u n+r (t + T F ) = u n (t ), which implies that qr − ω L T F = 2π m, for some integer m, and therefore
that is, the laboratory frequency is the sum of a frequency due to the velocity qV b plus one internal frequency of the MB (an integer multiple of the fundamental frequency). They are parallel straight lines with slope V b and frequency mω F at q = 0. We call them resonant lines or m lines. They can be seen in Fig. 8(b) together with the 2D DFT of a pterobreather with the same symmetry whose profile is plotted in Fig. 8(a) .
Therefore, the plane waves u n (t ) can be written as
that is, the product of a function with constant shape in the moving frame and a periodic function with a frequency multiple of ω F . However, the combination of both exponential shapes is seen in the laboratory frame as a plane wave traveling with phase velocity V ph = ω L /q. The phase velocity is different from V b , different from each q, and, if q is negative, it will travel in the opposite direction as the solitary wave with the same symmetry. This becomes apparent in the plane waves that are wings of solitary waves. Equations (29) have been obtained in Refs. [57, 62] in a different form in terms of some breather frequency, which we will define with precision below.
As V b and ω F are not independent, we can also write
for any m integer. This equation has also been deduced in a more complex form in Ref. [57] [see Eq. (38)] for a β-FPU system. Note that there are two complementary options to interpret Eqs. (29)
-(31).

A. Representation in the first Brillouin zone (1BZ)
We can suppose that q is in the first Brillouin zone (1BZ), because for any integer l, and other representative q = q + 2π l, with l an integer, (q + 2π l ) = m ω F , = with m = lr + m just another integer, which is included in Eq. (29) . Also, it is possible to choose the 1BZ in [−π, π] or [0, 2π ], the latter being more convenient for hard potentials as the breather is near q = π , and in this way it is along a single resonant line. This has been the choice for Fig. 8 . 
B. Representation in the extended Brillouin zone (EBZ)
On the other hand if we allow q to be in the extended Brillouin zone, there are only r resonant lines because, using Eq. (31), the resonant line for m = m + lr, with any integer r can be written as
That is, it is also the resonant line for m in a BZ displaced l BZs from the original. An example can be seen in Fig. 9 . An exact moving breather (with wings) with m b = 6 and step r = 1 is represented in the DFT translated to the seventh BZ and a single resonant line with m = 0. The intensity is in the resonant line close to the quasitangent point with the dispersion relation.
Note, however, that the choice of the extended Brillouin zone simplifies the spectrum of the frequencies but translates this complexity to the wave vector. There is no actual sampling of the spatial variable with values closer than n integer; therefore, the use of the EBZ is somewhat artificial.
C. The breather line
Equation (29) The breather line is below and close to tangent near q = 0 for soft potentials. In this case the [−π, π] BZ can be more convenient.
D. The wing line(s)
When a resonant m line cuts the dispersion curve, it will allow for a localized resonant intensity localized in q and ω L . This intensity corresponds to a extended plane wave or a wing. We call them wing lines. There are only a few crossing points in a given Brillouin zone, often only one. Also, most of the intensity is detectable in only one [57, 62] . The wing line with significant intensity is m = m b − r because it coincides with the breather line in the [−π, π] representation. In some specific cases the wing line is quasitangent to the dispersion relation producing large wings.
Note that phonons in a nonlinear system have zero amplitude, so they cannot form the wings. The wings are formed by a nonlinear wave with components in the m-resonant line in the vicinity of the dispersion relation and above it in a system with hard potential. However, when the amplitude of the wings is very small, it is very close to the phonon in the crossing point.
E. The (rest) or π-breather frequency
For hard potentials as it is our interest the breather line will have a frequency ω b above the phonon band at q = π . The mode q = π does not travel, and thus we can call ω b the rest breather frequency or the π -breather frequency. This is the frequency of the stationary breather which can be used to obtain moving breathers with a suitable perturbation. The frequency ω b can be written as
If r = 2 or even, s is an integer and ω b is an integer multiple of ω F . If r = 1 or odd, then ω b is a half-integer multiple of ω F . The latter case may seem strange, but the actual breather frequency is the one in the moving frame as we will see below. Indeed, for r odd, s is always a half-integer.
For soft potentials the (rest) breather frequency will be the frequency of the mode q = 0 in the breather line and s = m b .
F. The breather internal frequency in the moving frame
In terms or the (rest) breather frequency ω b the breather line can be written as
and the corresponding plane waves
As the second exponential does not depend on q, all the plane waves in the breather line have the same internal frequency
which will be the main internal or traveling frequency of the moving breather.
G. The wing internal frequencies in the moving frame
As we have seen above there are other frequencies when the m lines cross the dispersion relations. They have to be inside the m line, not very far from the linear dispersion curve and above it for a hard on-site potential. The internal frequencies in the moving frame are thus mω F for the m lines crossing the dispersion relation. There are very few, often only one. Even when there are more than one, only one has a significant intensity and therefore only a wing frequency with m = m b − r.
This can be applied, for example, to a pterobreather with r = 2 and m b = 9. There are two values of the ω L and m solution of Eq. (29) and (13), as can be seen in Fig. 8 . They correspond to m = 7 and 8. The breather line corresponds to m b = 9 and the wing line to m = 7.
H. The ω-q representation in the moving frame
The picture is much clearer if the frequencies are measured in the moving frame and with values relative to the fundamental frequency as seen in Fig. 10 . The possible internal frequencies are ω m = mω F and correspond to horizontal lines with integer relative frequency. In the figure, the curved line is the dispersion relation (DR) in the moving frame. For a given line to have intensity, it has to be relatively close to the dispersion relation and for hard potentials above it. For a localized wave packet there is the need of an interval in q; therefore, the breather line is the closest integer horizontal line above the maximum of the DR, where it will have the maximum intensity. The corresponding q will be the main wave number for the breather.
Frequencies near the crossings point of the DR with integer horizontal lines produce extended waves of wings. In the figure there are two possible crossing points, but only one of them with m = 7 has measurable intensity.
The reason for this is more apparent in the ω-q representation of the same pterobreather in the laboratory frame in Fig. 8 . The m = 7 line is the prolongation of the m b = 9 line into the [−π, 0] interval; therefore, it is also the breather line. In the moving frame representation of Fig. 10 can also be seen that the breather line, with m = 9, will cut the DR when both are continued into the [−π, 0] interval. The mathematical equivalence of the resonant m and m ± r lines has been demonstrated in Sec. VIII B.
However, it is possible that there is some intensity near the crossing point of the line m = 8 with the DR, although we could not detect it. In other systems, the intensity for other resonant frequencies is some orders of magnitude smaller than the one with more intensity [57, 62] .
For nonexact solitary waves, the horizontal lines can have noninteger values.
IX. STABILITY OF EXACT MOVING BREATHERS
Exact moving solutions are a function solution of the dynamical equations
which is invariant under time translations t → t + t , ∀t as the system is autonomous and by the translations n → n + d for any d integer. In practice lattices are finite with dimension N and d < N. Exact moving solutions are fixed points of the map in Eq. (20):Ŝ : {u n (t )} → {u n+r (t + T F )}, for some integers r and time T F .
Let us call u 0 a solution with the symmetry above, and ξ (t ) a perturbation of it with momenta π (t ) =ξ (t ). Then u 0 + ξ is also a solution of Eq. (37). If we suppose that ξ is small, Eq. (37) can be linearized with respect to ξ and π and belongs to the kernel of the Newton operator N defined as
that is,
The operator N has the symmetries of the solution u 0 as defined in Eq. (20) . A solution ξ (t ) is defined by its initial (small) values ξ n (0) and π n (0). After integrating Eq. (39) at time T F , the values of ξ n (T F ), π n (T F ) and ξ n+r (T F ), π n+r (T F ) can be obtained. In this way the modified Floquet matrix F r can be defined:
Due to the symplectic nature of the system the eigenvalues corresponding to a stable solution have to be in the unit circle.
Integration of the solution with (r = 1, m b = 6) leads to the eigenvalues represented in Fig. 11 . For moving breathers there are four eigenvalues in (1 + 0i) related to the proximity of other solutions with a shift in frequency or localization, velocity, and the two initial phases in each variable in Eq. (23) [63] . These phases correspond to the change in initial time (phase mode) and initial position. Therefore, four eigenvalues at 1 + 0i do not imply structural instability as they cannot leave that position. This is different from stationary breathers where they would imply structural instability. In this way the stability of the pterobreathers is calculated, and they are mostly stable as in the example shown. 11 . Eigenvalues of the modified Floquet F r matrix for a pterobreather with r = 1 and m b = 6, which is stable because all the eigenvalues are in the unit circle. There are four eigenvalues in 1 + 0i, although it cannot be appreciated in the plot. This is a typical feature of moving breathers [63] , which does not imply structural instability.
X. EXAMPLES OF EXACT PTEROBREATHERS WITH SMALL WINGS
We have been able to obtain a few thousands of stable pterobreathers with small wings and different symmetries parameterized by the step r and the parameter m b , i.e., the number of internal oscillations while the breather moves r sites and repeats its profile. The other parameter should be Table I . They have wings that are of the order of 10 −6 while the breather amplitudes are of the order of 10 −2 . Below we give some details about a specific one, but the differences are not significant from one to other. 
where V is the substrate potential. The displacements have been amplified eight times in order that the pterobreather structure can be easily appreciated. Both profiles correspond to the situation where a particle n 0 = 74 has the largest amplitude, and it is nearly at rest. Note the asymmetry with respect to the central particle because the repulsion between the n 0 + 1 particle is much larger than with the n 0 − 1 one. The particle n 0 − 1 is moving to the left and n 0 + 1 is moving to the right with similar velocities. Data:
Step smaller than the central site. The profiles (n, u n ) and amplified ones (n + u n , V n ) are shown in Fig. 12 for the configuration in which a particle (n 0 ) has maximum amplitude. Note the asymmetry with respect to the two neighbors due to being closer to the next particle ahead than to the one behind.
Exact pterobreathers will not exist in a real system, but a good approximation of them will be able to carry energy along the system. Moreover, there exist also some values of frequencies and symmetries for which there are exact moving breathers with wings, as is studied in the next section.
XI. EXAMPLES OF EXACT MOVING BREATHERS WITHOUT WINGS
By path continuation from an exact pterobreather, keeping constant the step r and m b and changing the π -breather frequency ω b , it is possible to find exact moving breathers without wings. Figure 13 shows the amplitudes of the wings A w as a function ω b and how it becomes zero within the precision of the calculation. Also, the shape of the curves A w (ω b ) suggests that they tend exactly to zero. Exact moving breathers are also characterized by the exponential decay of the amplitudes as can be seen in Fig. 14(b) . absolute value of its position during an interval of time T F , i.e., A n = max |u n (t )|, for t ∈ [0, T F ). It has a perfect exponential decay with n and ξ = 0.278 as can be seen in Fig. 14(b) , with an effective number of particles N eff 18. The amplitudes A n fit very well to the function sech[ξ (n − n 0 )], which approaches 2 exp(−ξ |n − n 0 |) a few units far from n 0 .
Its energy is E = 0.037 in scaled units or 0.103 eV, which is compatible with the estimated energy for secondary quodons in fossil tracks of muscovite.
The potential and kinetic energy oscillate in opposition of phase around E /2, with a frequency 2ω b = 13ω F , that is, doing 13 oscillations in the time for advancing one site. They can be written approximately as E k = E [1/2 − 0.07 cos(2ω b t )] and E pot = E [1/2 + 0.07 cos(2ω b t )]. This is coherent with the displacement and velocities being approximately proportional to cos(ω b t ) and sin(ω b t ) and the potential and kinetic energies being proportional to the corresponding second power. That is, the energies can also be written E k = E [0.43 + 0.14 sin 2 (ω b t )] and E pot = E [0.43 + 0.14 cos 2 (ω b t )], the latter can also be decomposed in substrate potential energy E sub = E [0.31 + 0.1 cos 2 (ω b t )] and interaction potential energy E int = E [0.12 + 0.04 cos 2 (ω b t )]. In this last point there is a baseline energy of 0.86E upon which the kinetic and potential energies are added.
The exact breather is stable with all the Floquet eigenvalues as defined in Eq. (40) with modulus unity and four eigenvalues at the 1 + 0i as explained in Sec. IX.
Minimal changes occur for the breather without wings and symmetry r = 1, m b = 7, the energy being slightly larger, E 0.108 eV, but the frequency and velocity slightly smaller, ω b = 5.3307 and V b = 0.11312, both about one-third of the maximum group velocity, i.e., the sound velocity 0.409 1 km/s.
As there are many other symmetries, there are many other exact breathers without wings, being a discrete set among the pterobreathers, in the same way that there is a finite set of kinks without wings [24] . They provide a set of supertransmission channels for low energies without mass transfer.
XII. HIGH-ENERGY STATIONARY BREATHERS
There are some interesting examples of stationary breathers with high energy and frequency, which we describe in this section.
A. Stationary breathers that produce kinks
For large energies a bond-symmetric, stationary breather, which is unstable, can transform into a single kink or crowdion with a symmetry breaking phenomenon. The kink usually has wings as the energy delivered is larger than the sliding kink that exists in the system [23, 24] . It leaves a vacancy and a vacancy-nonlinear localized mode behind, as can be seen in Fig. 15(a) . It can be observed that the kink slows down because it is not an exact solitary wave. Their velocity will tend asymptotically to the sliding kink solution. Also, in a periodic system when the kink interacts again with the vacancy, it rebounds.
For larger energies, the bifurcation can be into a couple of kinks or crowdions with wings that leave two vacancies separated by two particles behind vibrating with high energy. In this case, the symmetry is preserved. This phenomenon can be seen in Figs. 15(b) and 15(c) . The breather energy is 69.4 eV, enough for producing two 27 eV sliding kinks and leaving substantial vibrational energy behind.
B. Extremely localized multibreathers
At high frequencies, there are extremely localized multibreathers for frequencies of the order of ω b 9 − 10. Breathers and multibreathers exist being site-centered for an odd number of excited particles and bond-centered for an even one. They are extremely localized at those frequencies, but some of the site-centered ones are stable.
One example consists of three excited particles with frequency ω b = 9.19 and energy 69.4 eV. The situation of maximum displacement for the central particle is represented in Fig. 16 . The velocities are zero, and the neighboring particles are at the maximum displacement in their direction. Note that there is no symmetry with respect to the central particle at that instant; the symmetry is given by u n (t + T b /2) = −u n (t ). The neighboring particles have smaller amplitudes than the central one.
At this frequency, the central particle at the initial time is almost at the top of the potential barrier, but it is also possible to observe the situation when the maximum displacement is at the other potential well, thereafter being repelled by the neighboring particle and coming back to its own well. The neighbors have amplitudes [0.84, 0.07, 0.005, . . . ] diminishing exponentially from the second neighbor. FIG. 17 . Bifurcation diagram of the maximum amplitude as a function of the frequency of stationary breathers. For several frequencies there coexist different types of breathers. ZBM means zone boundary mode, i.e., the nonlinear continuation of the extended mode from which the breathers are derived. For hard potentials, as in our system, this is the π mode. The ordinate units are the lattice unit.
C. Bifurcation diagram
By path continuation it is possible to obtain the bifurcation diagram as a function of different parameters. These diagrams are quite complex and often involve multibreathers. The bifurcation diagram of the maximum amplitude as a function of the frequency is represented in Fig. 17 .
XIII. CONCLUSIONS
In this work we have studied the existence of stationary and moving breathers in a 1D model for the movement of potassium ions in the rows of the cation layer of the silicate muscovite mica. This study is motivated by the fossil and experimental evidence of moving excitations in the cation layer of the mineral with different energies. In previous works was found the existence of kinks with wings and, in particular, a stable single kink without wings. The large energy of the latter makes it a good candidate for primary tracks, but its energy is too large for secondary tracks.
We have found that there exist exact generically moving breathers with wings of small amplitude or pterobreathers. Their energies are of the order of 0.1-0.2 eV, which is expected for secondary tracks. The wings are a typical feature of moving breathers in systems with a substrate, but we have also found that for many symmetries there exist exact moving breathers without wings with specific frequencies and energies. They provide a set of supertransmission channels for energy transfer without mass and make them good candidates for some of the secondary tracks.
Motivated by the need for understanding and describing with precision the solutions found, we have also developed a description of exact moving breathers by defining with precision several concepts in the moving frame. In particular the moving breathers have a single frequency and the wings, very few, typically only one. They are integer multiples of a frequency named the fundamental frequency. An extension of these concepts and their application to other potentials, systems. and solitary waves is in preparation and will be published separately.
We have obtained mathematical approximations for the wings and tails of the moving breathers which show very good agreement with the numerical calculations.
We have also studied the properties and energies of lowand high-energy stationary breathers. For the latter we have constructed bifurcation diagrams and observed several interesting phenomena of potential physical interest, as extremely localized multibreathers or the production of kinks by highenergy breathers. 
